A COMMUTANT REALIZATION OF wi^^ AT CRITICAL LEVEL 

THOMAS CREUTZIG, PENG GAO, AND ANDREW R. LINSHAW 

Abstract. There is a free field realization of the affine vertex superalgebra A associated to 
ps[(n|n) at critical level inside the bcf3j system W of rank n^. We show that the commutant 
C = Com{A, W) is purely bosonic and has a minimal strong generating set consisting of 

' (2) 

■ n + 1 elements. For n < 4, C is a central quotient of the Wn -algebra at critical level, and 

^SJ I we conjecture that this holds for all n. We identify the Zhu algebra of C with the ring of 

^ i invariant differential operators on the space oinxn matrices under the action of SLn x SL^- 

' For n < A we classify the irreducible, admissible C-modules M with finite-dimensional AIq. 



^ ' 1. Introduction 

fH i Let V be a vertex algebra, and let ^ be a subalgebra of V. The commutant of A in V, denoted 
I by Com{A, V), is the subalgebra consisting of all elements v eV such that [a{z), v{w)] = 
for all a E A. This construction was introduced by Frenkel-Zhu in IIFZL generalizing 
earlier constructions in representation theory IIKPI and physics HGKOI , and is important 
^ I in the construction of coset conformal field theories. If A acts semisimply on V, Com{A, V) 
> ' can often be studied by decomposing V as an ^-module. Otherwise, there are few existing 
■ techniques for studying commutant vertex algebras, and there are very few examples 
Q ! where an exhaustive description can be given in terms of generators, operator product 
'vh I expansions, and normally ordered polynomial relations among the generators. 

^ ! An equivalent definition of Com{A, V) is the set of elements v e V such that a{z) o„ 

v{z) = for all a e ^ and n > 0. We may regard Com(A, V) as the algebra of invariants 
in V under the action of A. If ^ is a homomorphic image of an affine vertex algebra 
associated to some Lie (super)algebra g, Com{A, V) is just the invariant space V^'*^, and in 
^ . this case one can apply techniques from invariant theory and commutative algebra. This 
^ I approach was first used in IILLI in a special case, and was developed more fully in IILSSIIi . 

Another construction of vertex algebras is the Drinfeld-Sokolov reduction [BTl "FFJ. 
These are so-called W- algebras associated to the affine vertex algebra Vk{Q) of some Lie 

algebra q and an embedding of SI2 in q. In some cases, these algebras can also be con- 

(2) 

structed in a different way. For example, the Wk -algebra can be realized using affine 
vertex superalgebras. Special cases appear as subalgebras of extensions of the affine ver- 
tex superalgebra VA:(gl(l 1 1)) HCRij . At generic level it has been constructed by Feigin and 
Semikhatov [FSJ using the commutant Com{Vk{sl{n)), Vk{sl{n\l))) of the affine vertex al- 
gebra Vk{sl{n)) in the affine vertex superalgebra Vfe(sl(n|l)). 

In this paper, we begin with a free field realization of the affine vertex superalgebra 
associated to pQl{n\n) at critical level. It is realized as a subalgebra of the bc/3^ system W 
of rank n^. This free field realization is very similar to the realizations of the affine vertex 
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superalgebra Vk{gl{n\n)) HCRI . The derived subalgebra of pgl{n\n) is psl{n\n). Letting A 



he the image of the affine vertex superalgebra of p5l{n\n) at critical level in W, we are 
interested in C = Com{A, W). Our first step is to show that C is purely bosonic and can 
be identified with the commutant of a copy of V_„(s[„) ® V^_„(st„) inside the /37 system 
of rank n^. This problem fits precisely into the framework developed in ILS SIII, and is 
closely related to rings of invariant polynomial functions on arc spaces. We recall the 
main results of [iLSSIIJ and use them to give a minimal strong finite generating set for 
C consisting of n + 1 generators. There are no nontrivial normally ordered polynomial 
relations among these generators, so they freely generate C. For n < A, we show that C 

is a central quotient of the Wn ^ algebra at critical level, and we conjecture that this holds 
for all n. 

We study the representation theory of C via its Zhu algebra, which we identify with 
the ring jySLnxSLn^ Here V denotes the Weyl algebra on the space oi n x n matrices. The 
generators of x>^^"XSl„ correspond to the generators of C, and we classify the irreducible, 
finite-dimensional modules over jySLnxSL^^ modulo an explicit formula for certain rela- 
tions among the generators. These modules are in one-to-one correspondence with the 
irreducible, admissible C-modules M = 0„>o Mn for which Mq is finite-dimensional. For 
n < A, we write down these relations in X)^l„xsl„^ classification is explicit in these 

cases. 

In the case n = A, there is an application of our results to physics HCGLI . Berkovits 
IIBell introduced a sigma model that conjecturally describes a super Yang-Mills theory. 
This model can be formulated as a perturbation of a theory containing two copies of W. 
The perturbation is in terms of the currents of the affine vertex superalgebra psl(4|4) at 
critical level. A, and the algebra that is preserved by the perturbation is two copies of 
C = Cam{A, W). 



2. Vertex algebras 



In this section, we define vertex algebras, which have been discussed from various 
different points of view in the literature (see for example [|B | ||FLM|[K|| FBZ| |). We will 
follow the formalism developed in ||LZ | | and partly in [LilJ. Let V = Vq (BVihe a super 
vector space over C, and let z, w be formal variables. By QO{V), we mean the space of all 
linear maps 

V -> V{{z)) := e V, v{n) = f orn » 0}. 

Each element a G QO{V) can be uniquely represented as a power series 

a = a{z) :=^a(n)2^"-i e End{V)[[z, z'^]]. 

We refer to a{n) as the nth Fourier mode of a{z). Each a E QO{V) is assumed to be of the 
shape a = a(, + ai where : Vj — )■ Vi+j{{z)) for i,j G Z/2Z, and we write |aj| = i. 

On QO{V) there is a set of nonassociative bilinear operations o„, indexed hy n e Z, 
which we call the nth circle products. For homogeneous a,b E QO{V), they are defined 
by 
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Here L\z\>\w\fiz,w) G C[[z, ,w,w~^]] denotes the power series expansion of a rational 
function / in the region \z\ > \w\. We usually omit the symbol l^\z\>\w\ and just write 
(z — w)^^ to mean the expansion in the region 1^1 > \w\, and write —{w — z)^^ to mean the 
expansion in |w| > \z\. It is easy to check that a{w) o„ b{w) above is a well-defined element 
of QO{V). 

The nonnegative circle products are connected through the operator product expansion 
(OPE) formula. For a, 6 G QO{V), we have 

(2.1) a{z)b{w) = «(^) °n Kw) {z - w)-"- V : a{z)h{w) :, 

n.>0 

which is often written as a{z)h{w) ~ Yln>o '^(^) °" ^('"^) (-^ " w)^"'^'^, where ~ means equal 
modulo the term 

: a{z)h{w) : = a{z)^h{w) + {-l)\''\\%{w)a{z)+. 

Here a(z)_ = ^„<o '^("')-^~"~^ ^^'^ '^(-2)+ = Z]n>o '^(^)-^ Note that : a{w)b{w) : is a 
well-defined element of QO{V). It is called the Wick product of a and b, and it coincides 
with a o_i b. The other negative circle products are related to this by 

n! a{z) o_„_i b{z) = : {d'^a{z))b{z) : , 

where d denotes the formal differentiation operator For ai(z), . . . , ak{z) G QO{V), the 
/c-fold iterated Wick product is defined to be 

: ai{z)a2{z) ■ ■ ■ ak{z) :=: ai{z)b{z) :, 

where b{z) =: a2{z) ■ ■ ■ ak{z) :. We often omit the formal variable z when no confusion can 
arise. 

The set QO{V) is a nonassociative algebra with the operations o„ and a unit 1. We have 
1 o„ a = 5n-ia for all n, and a o„ 1 = Sn-ia for n > —1. A linear subspace A C QO{V) 
containing 1 which is closed under the circle products will be called a quantum operator 
algebra (QOA). In particular A is closed under d since da = a 0^2 1- Many formal algebraic 
notions are immediately clear: a homomorphism is just a linear map that sends 1 to 1 
and preserves all circle products; a module over ^ is a vector space M equipped with a 
homomorphism A — )■ QO{M), etc. A subset 5 = {aj| 2 G /} of ^ is said to generate A 
if any element a E A can be written as a linear combination of nonassociative words in 
the letters a^, o„, f or i G / and n e Z. We say that S strongly generates A if any a e A can 
be written as a linear combination of words in the letters Oj, o„ for n < 0. Equivalently, 
A is spanned by the collection {: d'^^ai-^ (-2) ■ ■ • d''"'ai^{z) : \ ii, . . . ,im E I, h, . . . , km > 0}. 
We say that S freely generates A if there are no nontrivial normally ordered polynomial 
relations among the generators and their derivatives. 

We say that a, 6 G QO{V) quantum commute if {z — w)^[a{z), b{w)] = for some > 0. 
Here [, ] denotes the super bracket. This condition implies that a o„ 6 = for n > N, 



so (|2.1[) becomes a finite sum. A commutative quantum operator algebra (CQOA) is a QOA 
whose elements pairwise quantum commute. Finally, the notion of a CQOA is equivalent 
to the notion of a vertex algebra. Every CQOA A is itself a faithful .A-module, called the 
left regular module. Define 

p:A^QO{A), a^d, d{C)b = J2i(^°nb) C''~\ 
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Then p is an injective QOA homomorphism, and the quadruple of structures {A, p,l,d) 
is a vertex algebra in the sense of IIFLML Conversely, {V,Y,1, D) is a vertex algebra, the 
collection Y{V) C QO{V) is a CQOA. We will refer to a CQOA simply as a vertex algebra 
throughout the rest of this paper. 

Example 2.1 (Affine vertex algebras). Let g be a finite-dimensional, complex Lie (su- 
per)algebra, equipped with a symmetric, invariant bilinear form B. The loop algebra 
g[t, = Q® C[t,t"^] has a one-dimensional central extension g = g[t,t"^] © C/t deter- 
mined by B, with bracket 

[ir.Vn = [e,r/]r+"^ + ni?(e,r7)5n+m,o«:, 

and Z-gradation deg{^t"') = n, deg{K) = 0. Let g>o = 0„>o0n where g„ denotes the sub- 
space of degree n, and let C be the one-dimensional g>o-module on which ^t" acts trivially 
for n > 0, and k acts by k times the identity Define V = U{q) ®u(q>o) C, and let X^{n) G 
End(V) be the linear operator representing ^t" on V. Define X^{z) = Xlnez^H^)-^ 
which is easily seen to lie in (50(V) and satisfy the OPE relation 

X^{z)X'^{w) ~ kB{^,7]){z - w)-^ + X^^''^\w){z - w)-\ 

The vertex algebra Vk{g, B) generated by {X^ \ ^ G g} is known as the universal affine vertex 
algebra associated to g and B at level k. 

Note that for some Lie superalgebras, as e.g. ps{{n\n), the supertrace in the adjoint rep- 
resentation is degenerate. If the bilinear form B is the standardly normalized supertrace 
in the adjoint representation of g and if B is non-degenerate, then the universal affine 
vertex algebra associated to g and B of level k is denoted by Vk{Q). 

We recall the Sugawara construction for affine vertex superalgebras following IIKRWI . 
Suppose that g is simple and that B is nondegenerate. Let {^} and {^'} be dual bases 
of g, i.e., B{^',ri) = 5^^^. Then the Casimir operator is C2 = Th^ dual Coxeter 

number h'^ with respect to the bilinear form B is one half the eigenvalue of C2 in the 
adjoint representation of q. li k + h"^ ^ 0, there is a Virasoro field 

(2.2) i(„ = _^5^:X^(,)A<(.): 



of central charge 

/csdimg 



(2.3) c 



k + h"^ 



This Virasoro element is known as the Sugawara conformal vector, and each X^ is primary of 
weight one. At the critical level k = —h^, L{z) does not exist, but V-^^ (g, B) still possesses 
a quasi-conformal structure, that is, an action of the Lie subalgebra n > —1} of the 
Virasoro algebra such that L 1 acts by translation and Lq acts diagonalizably. 

Example 2.2 (Affine vertex superalgebra of pgl(n|n) at critical level). The Lie superalgebra 
Q[{n\n) has a basis {-E^f,' ^ab\^ ^ CL,b < n}. The E'^^, generate two commuting copies of Ql{n) 
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and the are odd. The relations are 

[Ef, E'^] = - ^"'^E;^ , [E'^\ E"^] = S''^E^^ - d^'^E"} , [El^, E^] = 

ab TTicdi xbc Tj^ad r Tpab i^cdi rbc rnad 



^^■^^ [Ef, Ff] = -5^'^F^ , Fl^] = -5'"^F^ , 

The element C = J2a(^T~^^~"^) central. The quotient of Ql{n\n) by the one-dimensional 
ideal generated by C is the Lie superalgebra pQl{n\n). This superalgebra is not simple, 
since the element K = J2ai^T ~ -^-") derived subalgebra. Nonetheless 

pQl{n\n) possesses a unique Casimir operator, which acts trivially in the adjoint represen- 
tation. Hence, the dual Coxeter number is zero. The afftne vertex superalgebra of pQl(n\n) 
at critical level A; = is generated by {X^\ ^ G pgl{n\n)}. The operator product algebra is 

(2.5) X^{z)X'^{w) ~ X^^'''\w){z - w)-\ 

Example 2.3 {(3'y and be systems). Let V be a finite-dimensional complex vector space. The 
/37 system or algebra of chiral differential operators S = S{V) was introduced in IFMSj. 
It is the unique vertex algebra with even generators l3^{z), 7^' (z) for x eV,x' e V*, which 
satisfy 

(2.6) (3''{z)-f'''{w) {x',x){z-wy\ 7"'(z)/3"(?i;) ~ 

/3%z)(3y{w) ~ 0, 7^'(2)7^'(w) ~ 0. 
Here (, ) denotes the natural pairing between V* and V. We give S the conformal structure 

n 

(2.7) Ls{z) = Y,--f3'"i^)dl<{z):, 

1=1 

under which (z) and 7^^ (-2) are primary of weights 1 and 0, respectively. Here {xi , . . . , x„ } 
is a basis for V and {x[, . . . , x'^} is the dual basis for V*. 



Similarly, the be system £ = £{V), which was also introduced in HFMSi , is the unique 
vertex superalgebra with odd generators b^{z), e^' (z) for x E V, x' E V*, which satisfy 

(2.8) 6"(z)c"'(w) ~ e'^'izWiw) {x',x)iz-w)-\ 

~ 0, c"'(2)c^'(w) ~ 0. 

We give £ the conformal structure 

n 

(2.9) Le{z) = -Y,:b^^iz)de<{z):, 

i=l 

under which b^^ (z) and e^'' (z) are primary of conformal weights 1 and 0, respectively. 

(2) (2) 

Example 2.4 (The WA -algebra at critical level). The WA -algebra of level k can be ob- 
tained as a quantum reduction of the affine vertex algebra Vfc(sl„) [|BTllFF]. It contains a 
rank one Heisenberg algebra and for generic level a Virasoro algebra of central charge 

((A; + n){n-l)- n) {{k + n){n - 2)n - + l) 
k + n 

The operator product algebra is unknown for general n. However Feigin and Semikhatov 

if h (2) 

obtained this algebra for n = 2,3,4 |FS|. The WA -algebra at critical level k + n = 



contains a large center but no Virasoro algebra. In the case n = 2, the level k = —2 

>V2^''-algebra is the affine vertex algebra ^-2(512) at critical level. The Wg^^-algebra is often 
referred to as the Bershadsky-Polyakov-algebra. It is generated by the generator of a rank 
one Heisenberg algebra H and fields X^, S2, S3. For generic level, S2 = {k + 3)T, where 
T is the Virasoro field of central charge C3{k) (|2.10[) . The non-regular operator product 
algebra at critical level is 

X+{z)X-{w) ~ Q{z - w)-^ - QH{w){z - wy'^+ 



(2.11) 



(3 : H{w)H{w) : -S2{w) - 3dH{w)^ {z - w] 



-1 



H{z)X^{w) ~ ±X^{w){z - w^-^ 

2 



(2.12) 



H{z)H{w) ~ -{z-wY 
(2) 

The W4 -algebra at critical level /c + 4 = is generated by the generator of a rank one 
Heisenberg algebra H and fields X^, 82,83, S4, satisfying the following nontrivial opera- 
tor product expansions: 

X+{z)X-{w) ~ -2A{z - w)-^ + 2AH{w){z - w)-^+ 

(2S2{w) - 12 : H{w)H{w) : +12ai/(w))(z - w)~'^+ 

'-2S3{w) + dS2{w) - 2 ■ S2{w)H{w) : +4 : H{w)H{w)H{w) : + 

- 12 : dH{w)H{w) : +Ad'^H{w)^ {z - w)-^ 

H{z)X^{w) ~ ±X^{w){z - w)-^ 
H{z)H{w) ~ -{z-w)'\ 

The commutant construction. Let V be a vertex algebra, and let ^ be a subalgebra of V. 
The commutant of A in V, denoted by Com{A, V), is the subalgebra of vertex operators 
f G V such that [a{z),v{w)] = for all a e A. Equivalently, a{z) o„ v{z) = for all a G ^ 
and n > 0. We regard Com(A, V) as the algebra of invariants in V under the action of A. If 
^ is a homomorphic image of an affine vertex algebra Vk{Q, B) for some Lie superalgebra 
and bilinear form B, Com(A, V) is just the invariant space V^^*'. 

The Zhu functor. Let V be a vertex algebra with weight grading V = 0„g2 ^n- -^^^ 
functor [ZhJ attaches to V an associative algebra A{V), together with a surjective linear 
map TTzhu '■ V — )► ^(V). For a G Vm, and 6 G V, define 

a * = KeSz I a.(-2) 



and extend * by linearity to a bilinear operation V ® V — )■ V. Let 0(V) denote the subspace 
of V spanned by elements of the form 

/ (z + 1)™ 
a o b = ReSz i a{z) b 

for a G Vm, and let A{V) be the quotient V/0(V), with projection ttzku : V — )■ A(V). For 
a, 6 G V, a ~ 6 means a — b e 0{V), and [a] denotes the image of a in A{V). 
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Theorem 2.5. (Zhu) 0{V) is a two-sided ideal in V under the product *, and {Aiy), *) is an 
associative algebra with unit [1]. The assignment V AiV) is functorial. 

Let V be a vertex algebra which is strongly generated by a set of weight-homogeneous 
elements of weights Wi, for i in some index set /. Then A{y) is generated by {oj = 
7rzhu(tti(-2))| i £ I}- For example, given a Lie (super)algebra g with a bilinear form B, it 
is well known that the Zhu algebra yl(Vfc(g, B)) is isomorphic to the universal enveloping 
algebra U{q). Given a finite-dimensional vector space V , the Zhu algebra of 5 = 
is isomorphic to the Weyl algebra V = V(y), which is the associative algebra with gen- 
erators a;-, and relations a;^] = The main application of the Zhu functor is to 
study the representation theory of V. A Z>o-graded module M = 0„>o Af„ over V is 
called admissible if for every a G Vm, o.{n)Mk C M„i+k-n-i, for all n E Z. Given a G Vm, the 
Fourier mode a(m — 1) acts on each M^. The subspace Mq is then a module over A(V) with 
action [a] t-^ a(m — 1) E End(Mo). In fact, M t-^ Mq provides a one-to-one correspondence 
between irreducible, admissible V-modules and irreducible y4(V)-modules. 

The Zhu functor and the commutant construction interact in the following way: for any 
subalgebra B C V, we have a commutative diagram 

Com{B, V) ^ V 

(2.13) i^zhu . 

Com{B,A{V)) ^ A{V) 

Here B = 7rzhu('B) C A{V), and Com{B, A{V)) is the ordinary commutant in the theory of 
associative algebras. The horizontal maps are inclusions, and tt is the restriction of ttzku 
to Com{B, V). In general, the map n need not be surjective and A{Com{B, V)) need not 
coincide with Com(B, A{V)). However, as we shall see, both these statements are true in 
the main examples we consider in this paper. 

3. Graded and filtered structures 
Let TZ be the category of vertex algebras A equipped with a Z>o-filtration 

(3.1) ^(0) C ^(1) C A(2) C ■ ■ ■ , A=\J A(k) 

such that ^(0) = C, and for all a E A(k), b E A(i), we have 

(3.2) ao„6G^(fc+z), forn < 0, 



(3.3) ao^b E A(k+i-i), forn>0. 

Elements a{z) E A(d) \ A(d-i) are said to have degree d. 

Filtrations on vertex algebras satisfying (|3.2|) - (|3.3|) were introduced in |LiII| , and are 
known as good increasing filtrations. Setting ^(-i) = {0}, the associated graded object 
gr{A) = 0fc>o'^(fc)/^(fc-i) is a Z>o-graded associative, supercommutative algebra with a 
unit 1 under a product induced by the Wick product on A. For each r > 1 we have the 
projection 

(3.4) 0, : A(r) -> ^(r)/^(r-l) C ^r(^). 
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Moreover, gr{A) has a derivation d of degree zero (induced by the operator d = on A), 
and for each a E A(^d) arid n > 0, the operator ao„ on A induces a derivation of degree 
d — k on gr{A), which we denote by a{n). Here 

k = sup{j > 1| A(^r) On ^(s) C ^(r+s-i) Vr, s, n > 0}, 

as in |LL| . Finally, these derivations give gr{A) the structure of a vertex Poisson algebra. 

The assignment A ^ gr{A) is a functor from TZ to the category of Z>o-graded super- 
commutative rings with a differential d of degree 0, which we will call (9-rings. A (9-ring 
is the same as an abelian vertex algebra, that is, a vertex algebra V in which [a{z), b(w)] = 
for all a,b eV. A (9-ring A is said to be generated by a subset {ai\ i E 1} ii {d'^ai] i E I,k > 
0} generates A as a graded ring. The key feature of TZ is the following reconstruction 
property IILLII : 

Lemma 3.1. Let Abe a vertex algebra in TZ and let {ai\ i E 1} be a set of generators for gr{A) 
as a d-ring, where ai is homogeneous of degree di. If ai{z) E A[di) fl?'^ vertex operators such that 
(j)dXo'i{z)) = ai, then A is strongly generated as a vertex algebra by {ai{z) \ i E I}. 

For example, the (3'y system S = S{V) has such a filtration, where is defined to be 
the linear span of 

(3.5) {: ■ ■ ■ 9'=^/3^=(9'^72''i ■ ■ ■ ^''7^* : \ Xi E V, y'^ E V*, h,k>0,s + t< r}. 
Then S = gr{S) as linear spaces, and as a commutative algebra, we have 

(3.6) gr{S) = Sym^{V, © V,*), V, = x E V}, = {7^ x' E V*}. 

k>0 

Here and 7^' are the images of d^[5^{z) and d'^'^^' {z) in gr{S) under the projection 
01 : S(i) — > S{i)/S{Q) C gr{S). Similarly, £ = £{V) admits such a filtration where £(r) is 
spanned by the iterated Wick products of If , c^' and their derivatives, of length at most r. 
As above, we have £ = gr{£) as linear spaces and 

(3.7) gT{£) - /\@{y, © V:) V, = {bl\ X E V}, V,* = {cf | x' E V*} 

k>Q 

as supercommutative algebras. These filtrations are important because they allow the 
description of a commutant to be reduced to a problem in commutative algebra. 

4. A FREE FIELD REALIZATION OF pg[(n|n) 
For n > 1, the Lie superalgebra q = pQi(n\n) has a grading 

= 0-1 ©00 ©01, 

where the odd subalgebras 1 and 0i both have dimension n^, and the even subalgebra 
00 = 5[„ © sl„ © 0ti. The corresponding affine vertex superalgebra at critical level ^0(0) 
(example |2.2|) has a free field realization as a subalgebra of the bc(3^ system W = £ ® S 
associated to the vector space V of n x n complex matrices. We work in the b for 
V and dual basis x'^^ for V*, for a, 6 = 1, . . . , n. We denote the generators (3^"'', '^^'^t^ b^"^^, 
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c^'ab for W by (3°-'', 7'^*, b"-'', d^^, respectively. We use the convention that repeated indices 
are always summed over. The free field realization of Vq{q) is given as follows: 





—bba , 






pab ^ 


Bf - : b'^^c''^ : 


where Bf = 


- : /3'^"7^" 


pab ^ 


Qoh^ . ^ca^cb . 


where =: 




pab ^ 


- : c'^^Ef : - 


: c"^5!_'' : - : 6'="'c^^c"'^ : . 





Note that J2ai^T + -^-") ~ ^- realization is very similar to a realization of the affine 
vertex superalgebra of Ql{n\n) |CR| . Also note that the elements Bf generate l^(0ti) plus 
two commuting copies of Vl„(sl„), which has critical level, acting on S. The derived 
subalgebra = [g, g] is psl{n\n), which has a grading 

= 0-1 ©00 ©01, 

where 0±i = 0±i and 0o = sin ©5l„. Let ^ be the image of Vo{p5l{n\n)) inside W, and let B 
be the image of V_„(sl„) © VL„(s[„) inside S. 

Lemma 4.1. The commutant C = Com{A, W) coincides with Com{B, S), and in -particular is 
purely bosonic. 

Proof. Clearly Com{B, S) C C, and to prove the opposite inclusion, it is enough to prove 
that C C S, since SnC = Com{B, S). First, W is graded by fermionic charge, which is just 
the eigenvalue of the zero mode of F = — '^ab=i • &"''c"^ :. Each 6"^ and c"-^ have fermionic 
charge —1 and 1, respectively. Since Ef, F^, and F'^ are homogeneous of fermionic 
charge 0, 1, and —1, respectively, C is graded by fermionic charge. 

Let G C have homogeneous fermionic charge. Since u commutes with F^ = b"-^ for 
all a, 6 = 1, . . . , n, w does not depend on the vertex operators c"''^ and their derivatives. 
Therefore oj E ((6) © iS)^'*! where {b) is the vertex algebra generated by the 6"^, and thus 
has fermionic charge — r for some r > 0. We need to show that r = 0, which proves that 
u eS. 

Recall that gr{S) = C[[5f,'^f] is graded by degree, where each jSfj'yf has degree 1. 
Define an auxiliary gradation on gr{S) called height as follows: 

ht{Y^) = a, deg{(3''+^''') = n + a. 

Given a vertex operator a G S(^d) \ 'S{d-i) of degree d, define ht{a) = ht{(j)d{oi)) where 
<Pd ■ S(d) 5(d)/>S(d_i) C gr{S) is the usual projection. 

Write CO = ujo + uji, where 
uj,= Y,:d^^¥^^'^---dH'^^'^PcBK-. C = {ci,...,c,}, 5 = {61,..., 6,}, K = {h,...,K}, 

CBK 

with deg{PcBK) = e and ht{PcBK) = h. Assume that ujq is the "leading term" of a; in the 
sense that all terms appearing in ui are of the form : d'^^b^^'^^ ■ ■ ■ d'^^b^^'''^ P' : with either 

deg{P') < e or deg{P') = e and ht{P') < h. 

Let c be the largest integer appearing the list C above, and let b be the largest integer 
such that 6^^^ or any of its derivatives appears in cuq. Let k be the largest integer for which 
gkjjcb appears, and write ujq =: d''¥''{W) : +W', where W does not depend on d'^b^''. 
Suppose first that 1 < c < n. 
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Let a = c+1 and act on u by F'^op.. Recall that 

=: c^^P'"^^'''^ ■ - ■ d'^^'^^P'^^ ■ +a, 

where a E S and can be disregarded, since it cannot raise the degree. 

There will be a term in F'^ uj of the form : (3'^+'^'^'y^'^W :, which has degree e + 2 and 
height h + n + 2c. It is easy to see that no other terms of the same degree and height can 
occur in F"'' o^, cu. Moreover, since gr{S) is an integral domain, the image of : fi^+'^'^'j^'^W : 
in grCW) is nonzero. This contradicts the fact that u e C. 

Next, suppose that c = n. Let a = n, and act as above by F'^o^. We see that F'^^ Of^ u will 
contain the term : which has degree e + 2 and height h + 2n and cannot 

be canceled by any other term. As above, this contradicts cu E C. It follows that r = and 
cu E S as claimed. □ 



5. COMMUTANTS INSIDE THE P'y SYSTEM 

We are thus led to the problem of computing Com{B, S), which is exactly the type of 
commutant problem considered in [LSSIIJ. Let G be a connected, reductive group with 
Lie algebra q, and let V he a finite-dimensional representation of V. The induced map 
p : — )• End(V) induces a vertex algebra homomorphism f : Vi{q, B) ^ S = S{V) given 
by 

n 

(5.1) r(X«(z)) = e^{z) = -J2 ■ l''Kz)f3'^^^^"'\z) ■ ■ 

i=l 

Here B is the bilinear form _B(^, rj) = —Tr{p{^)p{r])), and {xi, . . . , x„} is a basis for V , with 
dual basis {x'^, . . . , x'^} for V*. Let 6 be the vertex algebra generated by 6*^, ^ G g. The 
commutant Com(0, S), which coincides with S^^^\ will be called the algebra of invariant 
chiral differential operators on V. It is analogous to the classical ring of invariant dif- 
ferential operators. In this notation, V = V{V) is the Weyl algebra with generators x', 
satisfying x^] = Equip V with the Bernstein filtration 

(5.2) I)(o) C C ■ ■ ■ , 

defined by {x'^f' ■ ■ ■ {x'^f-i^Y' ■ ■ ■ {^Y" e ii h + ■ ■ ■ + + h + ■ ■ ■ + L < r. Given 

cu G and u G 'C'(s), [cu, v\ G 'D(r.+s_2), so that 

(5.3) gr(V) = ^V^r)/V(^r-i) = Sym{V © V*). 

r>0 

We say that deg{a) = dii a e r'(d) \ 'P(d-i)- 

The action of G on P induces a Lie algebra homomorphism 

(5.4) T-.g^V, e^-5^x:p(0(^), 

i=l * 

which is analogous to (|5.1|) . Given ^ E g, t{^) is just the vector field on V generated 
by ^, and ^ acts on V by [r(^), — ]. We can extend r to a map U{g) — V, and = 
Com{T{U{g)),'D) since G is connected. Moreover, G preserves the filtration on V so (|5.2|) 
restricts to a filtration c P^^^ C ■ ■ ■ on , and 

gr{V^) ^ gr{Vf = Sym{V © V*f. 
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Recall that Vi(g, B) and S are related via the Zhu functor to f/(g) and V, respectively. 
We have commutative diagrams 

Vi{g,B) S ^ S 

(5.5) JrTTzhu -I'TZhu 5 4^1" 4^7I"Zhu ; 

U{q) ^ V ^ V 

where tt is the restriction of the Zhu map on S. 



6. Jet schemes 

A connection between vertex algebras and jet schemes was observed in BFBZ], where 
the authors pointed out that for any affine variety X, the ring of polynomial functions 
on the infinite jet scheme or arc space X^o, has the structure of an abelian vertex algebra. 
Conversely, the 9-ring gr{A) of a vertex algebra A E TZ can often be realized as the ring 
of polynomial functions 0{Xoo) for some X. In our main example, gr(S) is isomorphic to 
OiiV © V*)^), and ^r(5)0W ^ 0{X^) where X is the categorical quotient {V © V*)//G = 
Spec{0{V (BV*)'^). More generally, whenever Spec(5'r(^)) can be realized as Xoo for some 
X, the geometry of X^ encodes information about the vertex algebra structure of A. 

First, we recall some basic facts about jet schemes, following the notation in [Mu]. Let X 
be an irreducible scheme of finite type over C. For each integer m > 0, the mth jet scheme 
Xm is determined by its functor of points: for every C-algebra A, we have a bijection 

Hom(Spec(A),X„) ^ Hom(Spec(A[t]/(r+^)), X). 

Thus the C-valued points of Xm correspond to the C[t]/(t™+^) -valued points of X. If 
m > p, we have projections Trm,p ■ Xm — ^ Xp which are compatible when defined: TCm,p o 
7rg,m = TTg^p. Clearly Xq = X and Xi is the total tangent space Spec{Sym{ilx/c))- The 
assignment X X^ is functorial, and a morphism f : X ^ Y induces fm '■ X.^ Y-m for 
all m > 1. If X is nonsingular, X^ is irreducible and nonsingular for all m. Moreover, if 
X, Y are nonsingular and / : F — )■ X is a smooth surjection, is surjective for all m. 

If X = Spec(-R) where R = C[?/i, . . . , i/r]/ (/i, . . . , fk), we can find explicit equations for 
Xm- Define new variables yj*"* for i = 0, . . . , m, and define a derivation D by D{yf^) = 
yf^^^ for i < m, and D{yj"'^) = 0. 

This specifies the action of D on all of C[y^^\ . . . , yi"^^]; in particular, = D\fi) is a 
well-defined polynomial in C[i/i°\ . . . Jr\ Letting i?^ = €[yf\ . . . ,|/^V(/f\ • • • , /f^ 
we have Xm = Spec(i?m)- By identifying yj with y^^\ we see that R is naturally a subalge- 
bra of Rm- 

The arc space of X is defined to be Xoo = liiHoo^m Xm- If X = Spec(-R) as above, X^o = 
Spec(i?oo) where i?oo = C[yf'\ . . . ,yf\ . . .]/{fi'\ . . . , fj'\ . . .). Here i = 0,1,2,... and 



D{yp) = yj for all i. By a theorem of Kolchin HKoH , Xoo is irreducible whenever X is 
irreducible. 

Let G be a connected, reductive complex algebraic group with Lie algebra g. For m > 1, 
Gm is an algebraic group which is the semidirect product of G with a unipotent group Um- 
The Lie algebra of Gm is g[t]/t'^'^^. Given a linear representation V of G, there is an action 
of G on 0{V) by automorphisms, and a compatible action of g on 0{V) by derivations. 
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satisfying 

j^exp{tO{f)\t=o = af), ees, feO{V). 

Choose a basis {xi, . . . , x„} for V*, so that 

0{V) = C[x,, . . . , 0{VJ = C[x?, . . . , x« I , < z < m] . 

Then Gm acts on Vm, and the induced action of g[t]/)f:™^^ by derivations on 0{Vm) is de- 
fined on generators by 

0<r <i 

\s[t] 



(6.1) ^t^{xf) = xiax,Y^-^\ A[ = |Y! 

Via the projection g[t] — )■ g[t] acts on 0{Vm), and the invariant rings 

and C>(K»)0W/*'"^' coincide. 

The relevance of these invariant rings to our vertex algebra commutant problem is as 
follows. The map (|5.1|) induces an action of Q\t\ on gr{S) by derivations of degree zero, 
defined on generators by 

(6.2) = AI/3?;^^\ Cfilf) = XHT""'^. 
The derivation d on gr{S) is given by 

(6.3) = d^f = 7,?;p 
There is an injective map of (9-rings 

(6.4) c/r(59W) ^ gr{Sy^'\ 

which is in general not surjective. Let R denote the image of (|6.4|) , and suppose that 
{ai\i E 1} is a collection of generators for i? as a (9-ring. By Lemma |3H any collection of 
vertex operators {ai{z) G S^^*^ \ i G /} such that di = deg{ai) and </)d.(aj(z)) = is a strong 
generating set for iS^^*' as a vertex algebra. 

By (|6^ and (lO]) that the map $ : 5fr(5) © F*)oo) defined on generators by 

is an isomorphism of g[t]-algebras. Moreover, ^^^D o $ = 9, so we have an isomorphism 
of differential graded algebras ^r(5)9M = 0{{V © l^*)oo)^f*'. Since G is cormected, © 
V*)^)0W = ^((V © r*)oo)^°°, so we obtain 

Lemma 6.1. 5(r(5)3M = 0((V^ © V*)oo)'^°° as differential graded algebras. 

In general, it is a very subtle problem to find generators for rings of the form C((f/)oo)'^°° 
for a G-representation U. There is a natural map 

(6.5) OiiU//G)^) ^ 0{U^f- 

which is not an isomorphism in general. We call U stable if the general G-orbit is closed 
in U, and we call U coregular if f//G is smooth, equivalently; 0{V)'^ is a polynomial ring. 
The following result follows from Corollary 3.17 of [LSSIJ by taking the limit as m — i- oo. 

Theorem 6.2. Let Gbea connected, reductive group, and let Ubea G -representation which is sta- 
ble and coregular, such that 0{U) contains no nontrivial one-dimensional G-invariant subspaces. 
Then (|6.5|) is an isomorphism. In particular, if 0{U)^ is generated by polynomials /i, . . . , Z^., 
C(f/oo)^°° is generated by D'{fi), . . . , D\fk), for i > 0. 
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7. The main example 



We are interested in Com{<d, S) = iS^'*^ in the case where 6 is the image of V^nisln) ® 
VC.„(sl„) in 5 = S{V), and V is the space of n x n matrices. First we consider the 
corresponding problem involving invariant differential operators. For j = 1, ... ,n, let 
Wj = C", with basis {xy, x^j), so that V = 0"^^ Wj. The Weyl algebra V = V{V) 
has generators x'^j, for i,j = 1, . . . , n. The left and right actions of GLn on V induce 
algebra homomorphisms 

(7.1) r : f/(g[„) ^V, r' : U{qQ V 

such that ^ e 0[„ and r] G g[„ act on V by [r(^), — ] and [r'(?7), — ], respectively. It is well 
known LGWi that for the left action of V^^'^ = r'(f/(gl„)), and for the right action 
of GLn, V'^^" = r(f/(0[„)). Moreover, r(f/(0[m)) and r'(f/(0[„)) form a pair of mutual 
commutants inside V. It follows that 

which is isomorphic to the center c f/(0[n)/ and is just the polynomial algebra 

C[ci, . . . , c„]. Here Cj = t{Q), where Q is the ith. Casimir in Z{Qln). Note that q has degree 
2i in the Bernstein filtration and r(Z(0[„)) = r'(Z(0[„)). 

For n > 2, xy^^rixSLn generated by ci, . . . , c„ together with the n x n determinants 
d = det[g^] and d' = det[x[j]. This follows from Weyl's first fundamental theorem of in- 
variant theory for the standard representation of SLn llWel , which shows that V^'^" is gen- 



erated by V^^" = U{gln) together with d, d' , and the fact that = C[ci, . . . , c„]. More- 

over, C2, . . . , c„ lie in the center of d^l^^sl^^ Lg^. ^/^ ci . . . denote the corresponding 
elements of gr{V^^"^^^") ^ © y*-^sl„xsl„_ ^^^^^^ q£ relations among d, d', ci . . . 
is generated by a single relation of degree 2n of the form 

(7.2) (i(i' + p(ci...c„) = 0, 

for some polynomial p. We can write down a formula for p as follows. Recall that is the 
trace of X'', where X is matrix whose zjth entry is T{^ij). Clearly det(X) = dd' . Moreover, 
the determinant of any n x n matrix X can be expressed in terms of traces of powers of 
X. This formula is called the Newton-Girard formula. Let Eq{X) = 1 and for 1 < m < n 
define recursively 

(7.3) EUX) = -^-^y2tr{X^)Em-k{X) . 

k=l 

Then det(X) = En{X). In particular, p contains a nontrivial multiple of c„, so c„ can be 
expressed as a polynomial in d, d\ ci . . . c„_i. After eliminating c„, there are no relations 
among rf, J', ci . . . c„_i, so gr{V)^^"^^^" = 0{V © \/*)S'inxS'L„ ^ polynomial algebra. 

Lemma 7.1. In f^e case where V is the space ofnxn matrices and G = SLn x SLn, we have 

OiiV © V*)oo)^'*^ = OiiiV © r*)//G)oo). 

Proof. It is known that any G-representation of the form © F* is stable. Since G is 
semisimple, 0{V © V*) contains no nontrivial one-dimensional G-invariant subspaces. 
Since 0(y ® V*)^ is a polynomial algebra, the claim follows from Theorem 16.21 □ 
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At the vertex algebra level, we obtain maps 

(7.4) f:V.n{5in)^S, f' ■.V^n{5K)^S 

corresponding to the left and right actions of SLn or\V . In order to study Com{Q, S) = 
iS^W for = s[„ © sl^, we first consider the structure of 5(r(iS)sW. By Lemma [TiTl 0{{V © 
l^*)oo)^'*^ is generated as a differential algebra by 0{V © V*)'^, and since 0{V © V*)"^ is the 
polynomial algebra with generators d,d',ci, . . . , c„_i, it follows that 0{{V © V^*)oo)^^*' is 
the polynomial algebra with generators d'^d, d^d' , d'^ci, . . . d^Cn-i, for all A; > 0. Under the 
isomorphism 0{{y ®V*)oqY^''^ = gr{SY^''\ the generators d, d' , ci, . . . , c„_i correspond to 
generators for gr{S)^^^^ as a differential algebra, which we also denote by d, rf', ci, . . . , c„_i. 

Lemma 7.2. In the case where V is the space ofnxn matrices and G = SLn x SL^, the map 
(|6.4[) is surjective, and is therefore an isomorphism. 

Proof. We need to find vertex operators D,D',Ci, . . . , Cn-i e iS^^*' such that 

(1) D, D' lie in S'^y and = d, = d' . 

(2) For i = 1, . . . , n - 1, G ^Sflj, and 02i(Ci) = Q, 

In this notation, 0^ : ^J^J ^ ^jl^V'^fJli) C ^r(59W) is the projection dH]). Recall that 
d' E V'^ is the n x n determinant of the matrix whose entries are the linear functions a;-, 
on V. The corresponding element of gr(Sy^^^ is the nxn determinant of the matrix whose 

x'- ■ x'. ■ 

entries are 'Jq'\ Letting D' be the vertex operator in S obtained from d' by replacing 7q'^ 
with the vertex operator 7"^^^ , and replacing all products with iterated Wick products, it is 
immediate that D' is G-invariant. Moreover, D' is g[t] -invariant because it only depends 
on the j^'^i, and therefore can have no double contractions with the fields 6^ for ^ E q. 
Therefore D' lies in 5^'*], and the fact that (pniD') = d' is clear by construction. The vertex 
operator D is defined in the same way with f3^^^ playing the role of 7"^'^, and the same 
argument shows that D E 5^'*] and (pniD) = d. We define 

n 

Ci = ^ : /3^'^7^>i :, 

which is easily seen to have the desired properties. Finally, since V^_„(s[„) has critical level, 
the center of V_„(sl„) has generators C2, ■ ■ ■ ,Cn corresponding to the center of t/(st„). We 
define Ci = f{Ci), which clearly lies in 5^'*] and satisfies 02t(C'i) = q. The existence of 
these elements of iS^^*' implies that (|6.4|) is surjective, as claimed. □ 

It follows from Lemma |3J] that {D, D', Ci, . . . , C-a-i} is a strong generating set for iS^^. 
Since C2, . . . , Cn-i are normally ordered polynomials in the fields 9^ for ^ 0/ they lie 
in the center of iS^t*'. This is analogous to the fact that C2, . . . , c„_i lie in the center of 
V^. Moreover, since gr{Sy^^^ is a polynomial algebra with generators d, d' ,ci, . . . , c„_i and 
their derivatives, there are no normally ordered polynomial relations among the vertex 
operators D, D', Ci, . . . , C„_i and their derivatives. Thus we have proved 

Theorem 7.3. For all n>2, iS^M is freely generated as a vertex algebra by {D, D', Ci, . . . , C„_i}. 

We write down all nontrivial OPE relations in iS^t*' in the cases n = 2, 3, 4 for the sake of 
concreteness. For general n, we are able to compute the leading terms. 
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In the case n = 2, the generators are Ci, D, D', which satisfy the OPE relations 

Ci{z)Ci{w) ~ -A{z-wy\ 

Ci{z)D{w) ~ -2D{w){z - w)-^ , 
Ci{z)D'{w) ~ 2D'{w){z - w)-^ , 

D{z)D'{w) ~ 2{z - wy^ + Ci{w){z - w)~^ . 

Thus 5^'*^ is precisely the critical level affine vertex algebra Vl2(sl2)- 

In the case n = 3, the generators are Ci, C2, -D, D', with nontrivial OPE relations 

Ci{z)Ci{w) ~ -9{z-w)\ 

Ci{z)D{w) ~ -3D{w){z - w)-^ , 
Ci{z)D'{w) ~ 3D'{w){z - w)-^ , 

D{z)D\w) ~ Q{z - w)-^ + 2Ci{w){z - w)~^+ 

+ Q : Ci{w)C^{w) : -^LH + {z - w)-\ 



We see that these are precisely the relations of the critical level >V3^^-algebra (|2.11|) . 



In the case n = A, the generators are Ci, C2, C3, D' , with nontrivial OPE relations 

Ci{z)Ci{w) ~ -lQ{z-w)-\ 
Ci{z)D{w) ~ -AD{w){z - w)'^ , 
Ci{z)D'{w) ~ AD'{w){z - , 
D{z)D'{w) ~ 24(2 - w)-^ + QCi{w){z - 

- C2(^) + ^ : : +3dCi{w)^ (z - w)-^+ 

- ^Csiw) - ] : C2iw)C,iw) : +^ : : + 
8 4 lb 

+ ^ : C,{w)dCi{w) : +92CiH') (z - w)-' . 



We see that these are precisely the relations of the critical level W4 -algebra (|2.12|) . 
• For general n, the generators are Ci, . . . , C„ 1, D, D', with nontrivial OPE relations 

Ci{z)Ci{w) ~ -n\z-w)-\ 
Ci{z)D{w) ~ -nD(«;)(2 - w)"^ , 

D(^)Z)'(w) ~ n\{z - w)-" + (n - - w)-'^"-^^ + ... . 

We remark that also in [IPS'], only the leading OPEs of the Wn^^ -algebra for n > 4 
were computed. At critical level they agree with our computations. This leads us to 
conjecture: 

Conjecture 7.4. The commutant C = Com{A,W) is a central quotient of the Wn^ -algebra at 
critical level. 
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8. The representation theory of C 



Given a representation V of a connected, reductive group G, recall that we have a com- 
mutative diagram 



where vr is the restriction of vrzhu '■ ^{^) ~^ ^(^)- Iri ULSSIIi , the following result was 
proven: 

Theorem 8.1. Suppose that 0{{V © V*)^)^^ = 0{{{V © V*)//G)^) and that the map (HH) is 
surjective. Then the Zhu algebra A{S^^*'^) is isomorphic to and the map vr above is surjective. 

It follows that in the case where G = SLn x SLn and V is the space of n x n matrices, 
y4(iS^[*l) = . Thus the irreducible, admissible modules over C = Com{A,yV) are pre- 
cisely the irreducible 'D'^-modules. In this section, we briefly discuss the representation 
theory of V'^ . The structure and representation theory of rings of invariant differential 
operators is an important classical problem. In general, it is believed that these alge- 
bras have many features in common with universal enveloping algebras. They have been 
well studied in the case where G is abelian IIMVI , but much less is known for nonabelian 



groups. The first step in this direction was taken by Schwarz HSchi in the case where 
G = SL^ and V is the adjoint module. 

In our case, where V is the space of n x n matrices and G = SLn x SLn, is closely 
related to [/(st). It will be convenient to work with the generating set d, d\ ci, . . . , Cn for 
V^, which satisfy relations 

(8.1) dd' + P{Ci,...,Cn) =0, d'd + Q{ci,...,Cn) =0. 

Here P and Q are inhomogeneous polynomials whose leading terms coincide with the 



polynomial p given by (|7.2[) . Modulo an explicit formula for P and Q, we will classify 



the irreducible, finite-dimensional modules over V'^, which are in one-to-one correspon- 
dence with the irreducible, admissible C-modules M = 0fc>o for which Mq is finite- 
dimensional. In the cases n = 2,3,4, we will write down P and Q explicitly, giving a 
complete classification of such modules in these cases. 

First, we define a notion of Verma module for V'^. Recall that the center Z{V'^) c 
is generated by C2, . . . , c„. Let A c be the subalgebra generated by c?', ci, . . . , Cn- Fix 
a G C and a central character A given by A(q) = Aj for i = 2, . . . , n, and let Ga,\ be the 
one-dimensional A-module with basis f „ a on which d' acts by zero, ci acts by a ■ id, and 
Cj acts by Aj ■ id, for i = 2, . . . , n. Let 

which is the ©"-^-module spanned by elements of the form d^Va^x, k > 0. Note that q acts 
by Aj on Va,x for i = 2, . . . ,n, and Va,x = 0fcgz ^a,A[a — kn], where Va,A[ct — kn] is spanned 
by d''va,x and ci has eigenvalue a — kn on Va,A[a — kn]. 

In order for \4 a to be irreducible of dimension m < oo, we need d'^v\ = and d'^~^vx ^ 
0. Moreover, we need ((i')'"^M™~^fa,A = cva,x for some c 7^ 0. We have 

dd'Va,X = -PiCi,...,Cn)Va,X = 0, 
d'd^Va,X = {d'd)d"'-h,,x = -Q{Cl, Cn)d^-'Va,X = , 
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which gives the following algebraic conditions on a and A: 

(8.3) P(a, A2,..., A„) = 0, g(a-n(m- 1),A2,...,A„) = 0. 
The condition {d')^'^d'^'^Va,x = cva,\ implies that 

m 

(8.4) JJ Q(a - n(m - z), A2,..., A„) ^0, 

i=2 

which implies that Q{a — n{m — z), A2, . . . , A„) 7^ for alH = 2, . . . , m. 

In the next three subsections, we write down the polynomials P and Q explicitly in the 
cases n = 2,3,4. First, we fix once and for all generators D, D',Ci, . . . ,Cn for 5^'*] in these 
cases. In terms of the usual root bases for s[„, the generators Cj for i = 2, . . . , n are written 
down in the Appendix. With these choices, we take di = nzhu{Di), d[ = vrzhu(-D'), and 
Ci = T^zhuiCi) to be our generators for V'^. For i = 1, 2, Cj agrees with our previous choice 
Ci = T(Ci) up to scalar multiples, and for i > 3, Cj agrees with a multiple of r(Ci) up to 
lower order corrections in the Bernstein filtration. 

The case n = 2. The generators D, D',Ci,C2 of satisfy the following normally or- 
dered polynomial relations: 

: DD' : +^0^ - \ : C,C, : -^dC, = 0, 

: D'D : +^^2 - ^ : CiCi : +^dC, = 0. 
Applying the Zhu map yields the following relations among the generators d, d', Ci, C2 G 

113 
dd' + -C2 - -cj - -ci - 2 = 0, 

1 1 2 1 

d d -\ — C2 Ci Ci = 0, 

2 4 ^ 2 

so we have P = ic2 - - fci - 2 and g = ic2 - ^c? - |ci. We see that = Uisk) with 
[ci, d'] = 2d', [ci,d] = —2d and [d, d'] = ci + 2. The conditions (|8.3)) in this case are 

1 1.3 

-A2 - -a^ - -a - 2 = 0, 

2 4 2 

11 1 

-A2 - -(a - 2m + 2)2 - -(a - 2m + 2) = 0, 

from which we obtain a = — 3 + m and A2 = ^(m^ ~ !)• The conditions (|8.4|l are empty in 
this case, and we obtain the usual classification of finite-dimensional 5(2-modules. 

The case n = 3. The relations among the generators D, D', Ci, C2, C3 of iS^^ are: 

: DD' : -^C, + ^ : C2C, : : C,C,C, : : dC,C, : -i^^Ci = 0, 

: D'D : -i-Cg + ^ : C2C1 : : CiC^C, : +^ : dCiCi : -^9^2 - ^S^Ci = 0. 

27 o 27 o 2 6 

The corresponding relations in are: 

, ,, 1 1 1^3 2.11 

dd -C3 H — CoCi -c? H — Co Ci Ci —6 = 0, 

27 6 27 ^ 2 3 ^ 3 
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j/j 1 1 1 3 1 2 2 ^ 

+ -C2C1 - — Ci + C2 - -Ci - -Ci = 0, 

SO 

1 1 1 o 3 2 2 11 

P = H — C2C1 Ci H — Co Ci Ci — 6 , 

27 ^ 6 27 ^ 2 ^ 3 ^ 3 

1 1 1 3 1 2 2 

Q = zC'] H CoCi -ci + Co Ci Ci . 

^ 27 6 27 ^ 3^3 

The conditions (|8.3|) in this case are 

1 , 1 , 1^3, 2 2 11 

A3 H — AoCi a H — Ao a a — 6 = 0, 

27 6 27 2 3 3 

-7^ A3 + ^A2(a - 3m + 3) - ^(a - 3m + 3)^ - ^(a - 3m + 3)^ + A2 - ^(a - 3m + 3) = 0. 
27 o 27 3 3 

This yields 

2 

A2 = -(33 + 12a + a^-18m-3am + 3m2), A3 = (9 + a)(81 + 27a + 2a^-54m-9am + W), 
3 

where a can be arbitrary. Finally, conditions (|8.4[) imply that for each fixed m, a finite set 
of values of a, A must be excluded in order for Va^x to be irreducible. For example, for 
i = 2 < m we solve 

11 1 1 2 

A3 H — A2(a — 3m + 3i) (a — 3m + 3^)^ (a — 3m + 3z)^ + A2 (a — 3m + 3z) 7^ 

27 6 27 3 3 

to obtain 

2 

(a, A2, A3) 7^ (-7 + 2m, -(-2 - m + m^), -2(10 + 3m - 6m^ + m^)), 

o 

and for i = 3 < m we obtain 

2 

(a, A2, A3) 7^ (-8 + 2m, -(1 - 2m + m^), -7 - 6m + 15m^ - 2m^). 

The case n = A. The relations among the generators D, D', Ci, C2, C3, C4 of 5^^*! are: 

: DD' : —C4 + — : C1C3 : +— : : — : CiCiCiCi : +- : dCiC2 : 

256 32 ^ 32 256 8 

-|t : : -i : d^CiCi : : dCM : -i^^^Ci = 0, 

32 4 16 4 

: D'D : —Ci + — : C1C3 : +— : C2C1C1 : — : CiCiCiCi : --dCs - - : dCiC2 : 

256 32 ^ 32 256 8 8 

-- : CidC2 : +— : dCiCiCi : +-d^C2 - - : S^CiCi : -— : dCidCi : +-d^Ci = 0. 
4 32 ' ' ' 2 4 16 ' ' 4 

Applying the Zhu map yields 

1 1 1 2 1 4 1 7 5 o 35 2 25 

da ca H C1C3 H C2C1 Ci H — C3 H — C2C1 Ci + 6c2 Ci ci — 24 = 0, 

256 32 ^ 32 ^ 256 ^ 2 8 32 ^ 16 ^ 2 

,/ , 1 1 1 2 1 4 3 5 33^ 11 2 3 

da Ca H C1C3 H C2C1 Ci H — C3 H — C1C2 c; + 3c2 c^ Ci = 0, 

256 32 ^ ^ 32 ^ ^ 256 ^ 8 ^ 8 32 ^ ^ 16 ^ 2 ^ 

so we have 

1 1 1 2 1 4 1 7 5 n 35 2 25 

-T = Ca H C1C3 H C2C1 Ci H — C3 H — C2C1 c? + 6c2 Ci Ci — 24, 

256 32 32 ^ 256 ^ 2 8 32 ^ 16 ^ 2 

18 



1 1 I2I435 33oll23 
Q = Ca H CiCs H CoCi Ci H Cq H Ci C2 Ci + iCo Ci Ci . 

^ 256 32 ^ ^ 32 ^ ^ 256 ^ 8 ^ 8 32 ^ ^ 16 ^ 2 ^ 

Conditions (|8.3)) in this case are 

1 , 1 , 1 , . 1,1 7 , 5 n , 35 , 25 
:A4 H aAs H A2a a + -A3 + -A2a a + 6A2 a a - 24 = 0, 



256 32 32 256 2 8 32 16 2 

1^.1 1 ^2 1 , .^4 . 3, . 5 



A4H A3(a-4m + 4)H A2(a-4m + 4)^ (a -4m + 4)^ + -A3 + -A2(a -4m + 4) 



256 32 ^ ' 32 ^ ' 256 

3 113 
- — (a - 4m + 4)^ + 3A2 - —(a - 4m + 4)^ - -(a - 4m + 4) = 0. 
32 16 2 

We obtain 

A3 = ^(800+280a+30a^+a^-56A2-4aA2-560m-120am-6a^m+8A2m+160m2+16am2-16m^), 
(8.5) A4 = (16 + a)(16 + a - 4m)(176 + 48a + ?,a^ - 8A2 - 96m - 12am + IQm^), 



where a and A2 can be arbitrary. Finally, conditions (|8.4[) are 



^ :A4 + 7^A3(a-4m + 4z) + ;i-A2(a-4m + 4ii)^--^(a-4m + 4ii)'^ + |A3 + |A2(a-4m + 4ii) 



256 32 ' 32 ' ' 256 

3 113 

(8.6) (a -Am + Aif + 3A2 (a - 4m + 4i)^ (a - Am + Ai) ^ 

32 16 2 

for ? = 2, . . . , m, which eliminates an algebraic sub variety of dimension one. It follows 
that the set of (a, A) which satisfy (|8.5|) will also satisfy (|8.6[) generically. 

9. Appendix 

In this Appendix, we write down explicit formulas for C2, . . . , C„ in the case n = 3 and 
n = A. We work in the standard root bases of sl^ and sl^, where L*^ corresponds to the 
matrix Eij for i ^ j, and L^' corresponds to En — Ej+i j+i. 

In the case n = 3 we have: 

C2 =: L^'L'^ : + : L^'L''' : + : L^'L^' : + : L^'L'^ : + : L^^L^^ ; + : L^^L^^ 
+2/3 : L^'L"' : -2/3 : L^'L^' : +2/3 : L^'L"^ : 

C3 = -27 : L^'^L^^L^^ : -27 : L^^L^^L^'^ : -18 : L^^L^^L^' : +9 : L'^^L^^L"^ : 
-18 : L^^L'^^L^^ : +9 : L'^^L^^L^^ : +9 : L^^L'^^L"' : +9 : L^^L^^L^^ : 
-3 : L^'L^'L^' : -3 : L^'L^^L^^ : +2 : L^^L^'L^' : +2 : L^^L^^L^^ : 
-27 : L^^^aL^^ : -27 : L^^^SL^^ : -27 : L^^SL^^ : -9 : L^'dL^' : +9 : L^'dL^^ : +18 : L^'dL^' : 

-18 : L^^dL^' : +9/2d'^L^' + 9/2d'^L^\ 

In the case n = 4 we have 

C2 =: . ^ . ^21^12 . ^ . ^13^31 . ^ . ^31^13 . ^ . ^14^41 . ^ . ^41^14 . 

+ : ^23^32 : + : L^^L'^ ; + ; L^^^^ . ^ . ^42^24 . ^ . ^34^43 . ^ . ^43^34 . 

+3/4 : L"'L"' : +3/4 : L^'L"^ : +3/4 : L^'L^' : -1/2 : L^^L^^ : -1/2 : L"'L"^ : -1/2 : L^'L^' 
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Ca = -4 : L'^L^'L''' : +4 : L'^L^'L''^ : +4 : L^^L^^L'''^ : +8 : L'^L^^L^' : 
+8 : L^^L^^L^^ : +8 : L'^L^'L^^ : +4 : L'^L^'L''^ : -4 : L'^L^'L''' : 
+4 : L'^L^'L''^ : +8 : L^^L^^^L^^ : +8 : L^^L^^L^^ . . ^i4^3i^43 . 

+4 : L'^L^'L''^ : +4 : L^^L^^L"' : -4 : L^^L^^L"' : -4 : L^^L^^L''^ : 
-4 : L^^L^^L""^ : +4 : L^^L^^L""' : +8 : L^^L'^L^^ : +8 : L^^L^^L""^ : 
-4 : L'^^L^^L'"' : +4 : L'^L'^'^L"' : -4 : L'^^L^^L'"' : +4 : L^L'^^L"' : 
-4 : L^^L^^L""' : -4 : L^^L^^L"' : - : L"'L"'L''' : + : L^'^L'^'L''^ : 
+ : L'^'L^'L''^ : + : L'^'L^'^L''^ : -2 : L'^'L^^L''' : + : L^'^L'^'L"' : 
— • L^^L^^L^^ ■ + ■ L^^L^^L^^ ■ + ■ L^^L^^L^^ ■ — ■ L^^L^^L^^ ■ 

+8 : L^-^SL^i : +16 : L^^SL^^ : +8 : L^^SL^^ ; +8 : L^^^L^^ ; +16 : L249L^2 . . ^42^^24 . 

+16 : L^^^L^^ : +16 : L^^^L^^ : +4 : L^'dL^' : -4 : L"^dL^' : -4 : L^^dL^' : +8 : L^'dL^' : 
-4 : L^^dL"^ : -4 : L^^dL^' : -8 : L^^dL^' : +12 : L^^dL"^ : -Ad'^L^^ - Ad'^L^\ 

C4 = -16 : L'^L^'L'^'L''' : +32 : L^^ L""^ L^"' L^"^ : +32 : L^^ L^^ L^"' L^"^ : +48 : L'^ L^' L^"^ L^"^ : 
-160 : L^'^L'^^L^^L"^ : +48 : L^"^ L^^ L"^ L""" : +64 : L^^L^^L^^L"^ : +64 : L^'^ L^^ L^^ L^^ : 
-192 : L'^L^'L^'L'"' : -256 : L^'' L^^ L^^ L^^ : -256 : L'^L^^L^'L^^ : +64 : L^'' L"^ L^^ L""' : 
-192 : L^^L'^L^^L''^ : +64 : L^^ L^^ L^^ L""^ : +256 : L^^ L^"^ L^^ L^^ : +64 : L'^L^'L'^L"^ : 
+64 : L'^L'^L^'^L''-' : -192 : L'^ L''' L^' L^"-' : +256 : L'^L'^L^^L^^ : -256 : L'^L^^L^'L^^ : 
+48 : L^^L^'L^'-L''^ : +32 : L'^ L^' L^"^ L^"'^ : -160 : L^' L^' L^"^ L^"-^ : -16 : L^^ L^' L^"^ L^"^ : 
+32 : L'^L^^L^'^L''-^ : +48 : L^' L^' L""-' L^"-^ : -256 : L'^L^^L'^L*^ : -192 : L^' L^' L'' L^"' : 
+64 : L'^L^'L^'L'"' : +64 : L'^ L^^ L^' L'''^ : -256 : L'^L^'L^^L^^ : +64 : L'' L^' L^' L^"^ : 
-192 : L'^'L^'l'^L'"'^ : +64 : L"* L^^ L"^^ L^"^ : -256 : L^^ L"^ L^^ L"^^ : +256 : L'' L'' L""' L^^ : 
-192 : L'^L^^L^^L''^ : +64 : L"* L^^ L^^ L^"' : +64 : L'^L^'L^'L''^ : +48 : L'^L^' L^"^ L^"^ : 
-160 : L^^L'^^L"^L^^ : +32 : L^^ L'^^ L^^ L^^ : +48 : L^^L^^L^^L"^ : +32 : L^"^ L^^ L^^ L"' : 
-16 : L^^L^^L'^'L''' : -16 : L''^ L^^ L^"' L^"' : -32 : L""^ L^"" L"^ L^"^ : +32 : L''^ L^'' L^"' L"^ : 
-16 : L^^L^^L^'^L''^ : +32 : L''^ L^'' L^"^ L"^ : +48 : L""^ L^"" L"^ L^"^ : +64 : L^^L^^L^^L^"' : 
+64 : L^^L^^L^^L""^ : +64 : L""^ L^^ L^^ L"' : +64 : L^^ L^^ L^^ L^"' : +64 : L""^ L^"" L"^ L"^ : 
+64 : L^^L^^L^^L''' : -16 : L^^ L^^ L^"' L^"' : +32 : L'^^L'^'^L'^'L"^ : -32 : L^^L^^^^i^ifs . 
+48 : L^^L^^L^'^L''^ : +32 : L^^ L^^ L^"^ L^"' : -16 : L^^ L^^ L^"' L^"^ : +48 : L^"' L'"" L^"' L^"' : 
+32 : L'^L^'L'^'L'''^ : +32 : L'^L^^L''' L^"^^ : -16 : L^^ L^^ L^"^ L^"'' : -32 : L^^L^^L^'^L''' : 
-16 : L^^L^^L^'-^L"-^ : -3 : L""^ L""^ L""^ L^"^ : +4 : L""^ L""^ L^"' L^"^ : +4 : L^"^ L""^ L""' L^"^ : 
+14 : L^^L^^L^^L^^ : -20 : L^^L^^L^^L^^ : +14 : L^^L^^L^^L^^ : +4 : L^^L^^L^^L^^ : 
-20 : L^' L^^ L^^ L"'' : -20 : L^^ L^^ L^'^ L^^ : +4 : L^^ L^^ L^-' L^^ : -3 : L^' L^'' L^' L^'' : 
+4 : L^^L^^L^^L^'^ : +14 : L^^ L^^ L""" L^^ : +4 : L^^ L^^ L^'' L^^ : -3 : L^^ L""" L^^ L"^ : 
+64 : L'^L^'dL''^ : +64 : L^^L^'dL''^ : -192 : L'^L^'OL''^^ : +64 : L'^OL^'L''' : 
+64 : L^^L^^dL^' : +64 : L^^dL^^L^^ : +64 : L^^L^^dL^' : -192 : L^^dL^^L^' : 
-192 : L^^L^^dL"^ : -128 : L^^dL^'^L^^ : +64 : L^^L^^dL"' : -128 : L^^dL^^L^^ : 
-192 : L^^L^^dL""^ : +128 : L^^OL^^L'"' : +64 : L^^L^^dL"^ : +64 : OL^^L^^L'"' : 
+64 : L'^^dL^^L^' : +64 : L'^^L^^dL"' : +64 : dl'^^L^^L"^ : +64 : L'^^dL^^L"^ : 
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+64 : L^^L^'^dL^^ : -192 : dL'^^L^^L^' : 
+64 : dL^'L^^L"^ : +128 : L^^dL^^L''' : 
-128 : L^^dL^^L""^ : -192 : L^^L^^dl''^ 
+64 : L^^L^'dL''-' : -128 : OL'^L^'L''' : 
+128 : dL^^L^^'L''^ : +128 : L^^dL^^L''^ 
+128 : L-^^aL^-^L^^^ : +64 : L'^U^'^aL^^ : 
-256 : L^^'L^'^dL^^ : -256 : L^^L^'dL^^ : 
-256 : dL^^'L^^L"^ : -256 : L^^dL^^L'^ : 
-256 : L^^dL'^L^^ : -256 : L^'L^'dL^^ : 
-8 : L^^L^'dL^' : -48 : dL^'L^'L^^ : 
-16 : L^'dL^^L"^ : -24 : dL^'L^'^L"' : 
+ 112 : L^'dL^-'L^' : +80 : L^'L^'dL^' 
-56 : L^^L^^dL"^ : -72 : dL^^L^^L"^ : 
-256 : L^^9'L^^ : -256 : dL^^dL^^ : 
-512 : 9L349L4=^ : -256 : L^^a^L^^ : 
-80 : dL"^dL"^ : -192 : d'^L^^L^^ : 
-64 : L^'d'^L"^ : +96 : dL^'dL^^ : 
+288 : dL^^dL"^ : +64 : L^^d^L"^ 



-192 : L^^dL^'^L^'' : -192 : L^^L^^dL^'' : 
+64 : L^^L^^dL''' : -192 : OL^^L'^L''' : 



: +64 : OL'^L'^L''' 
-128 : L^'^dL^^'L''' 
: +64 : L^^L^^^L^^ 
-256 : L'^L'^dL'^ 
-256 : L'^dL'^'L^^ 
256 : L^'L^'dL'^ 



+40 
-56 
-48 



+128 : L^^dL^^L""' : 
-192 : L^^L'^^dL^' : 
+128 : dL'^L'^^L''^ : 
-256 : L^^dL'^L*^ : 
-256 : L^^L'^dL''' : 
-256 : dL^'L'^L'^ : 
-48 : dL^'L^'L"^ : 
-24 : dL^'L^^L"^ : 
+ 144 : dL"^L"''L^'' 



■ +56 : dL^-'L^-'L^' : -80 : dL^'L^'L^^ 
-48 : L"^dL"^L"^ : +72 : dL"^L"^L^^ : 
-256 : L^^^'L^^ : -256 : 9'L=^^L^^ : 
-16 : dL"^dL"^ : -64 : d'^L^'L"^ : 
-144 : OL^^dL^^ : -96 : dL^'dL^^ : 
+64 : L"WL"^ : +192 : d'^L^^L^^ : 
: -649^L^i - 6493L^2 ^ 19292^^3 
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